A Class of Incomplete Character Sums * 

Lei Fu 

Chern Institute of Mathematics and LPMC, Nankai University, Tianjin 300071, P. R. China 
' leifu@nankai.edu.cn 

^ . Daqing Wan 

Department of Mathematics, University of California, Irvine, CA 92697, USA 

dwan@math.uci.edu 

in 

o 

We define the transfer of lisse (Q^-sheaves of rank 1, and use it to study a class of incomplete 
character sums. 

i^h , Key words: character sum, transfer, ^-adic cohomology. 

Mathematics Subject Classification: 11L40, 11T23, 

Introduction 

7— i ! 

> 

Through out this paper, p is a fixed prime number, ¥ p is a finite field with p elements, and F is an 

in , 

\& , algebraic closure of ¥ p . For any power q of p, let ¥ q be the subfield of F with q elements. Let £ be a 



o 



Abstract 



m _ __ 

■ prime number distinct from p, let xi> • - ■ > Xk '■ ^ q d — > Qi be a family of multiplicative characters and 

ip : ¥ q d —> Q £ an additive character on an extension field ¥ q d of ¥ q . We extend x* (i = lj •••>&) to ¥ q d 
by setting Xi(0) = 0. Let /i(ti, . . . , t n ), . . . , fk(ti, ■ ■ ■ , t n ) G ¥ q d[t±, t n ] be a family of polynomials 
with coefficients in F^d, and let fk+i(t\, . . . ,t n ) £ ¥ q d(t\, . . . ,t n ) be a rational function. Motivated 



by a number of applications in [BJ, we are interested in estimating the following type of incomplete 
character sum 

5"= ^2 Xi{fi(xi,---,x n ))---Xk(fk(xi,...,x n ))tp(f k+ i(x 1 ,...,x n )), 

x 1 ,...,x n £F q J k + 1 (x 1 ,...,x„)^£oo 

where the summation is over those X\, . . . , x n € ¥ q such that fk+i(x±, . . . , x n ) is defined. Note that 
for the classical complete character sum 

S= ^2 xi(fi(xi,---,x n ))---Xk(fk{xi,...,x n ))ip(f k+ i(xi,...,x n )), 

x 1 ,....x n £¥ d ,f k + 1 (x 1 ,...,x Tn )^oc 
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the summation is over all x\, . . . , x n € ¥ q d such that fk+i(xi, . . . , x n ) is defined. Under suitable 
hypothesis, one can give a sharp estimate of the following form for the complete sum 

\S\ <C(n,D)^ nd , 

where C(n,D) is a constant depending only on n and the degree D of the functions /j's. We believe 
that there is also a sharp estimate for the incomplete sum S' . Namely, under suitable hypothesis, 
there should be an estimate of the form 

\S'\<C(n,d,D)^r, 

where C(n, d, D) is a constant depending only on n, d and the degree D. This is indeed true in the one 
variable case n = 1, see j6] and [4]. In the present paper, we use the transfer and £-adic cohomology 
to treat the higher dimensional case. 

Let us recall the general method of studying (complete) character sum using £-adic cohomology 
theory. Let Xq be a separated scheme of finite type over ¥ q , let X = Xq <S)w q ¥ be the base change of 
Xq, let Co be a lisse Q^-sheaf on Xq, where £ is a prime different from the characteristic p. Let C be 
the inverse image of Cq in X. By definition, the L- function of Cq is defined to be 
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L(X ,£o,t)= [] 



n . . det(l- F x t do ^\C , s )' 

xe\x \ 

where \Xq\ is the set of Zariski closed points in Xq, and for any x € \Xq\, deg(a;) is the degree of the 
residue field k(x) of Ox.x over the ground field ¥ q , £q,s is the stalk of Cq at a geometric point over 



x, and F x € Gal(fc(x)/fc(x)) is the geometric Frobenius element, that is, the inverse of the Frobenius 
substitution. The family of complete character sums corresponding to £o is the family of sums 

S m {X 0l C )= J2 MF x ,Co,x), 

xex (¥ qm ) 

where Xo(¥ g m) = HomspecF„(SpecFqm, Xo) is the set of F g ™ -points in Xq. One can verify that 

d x 
t-\nL{X ,£o,t) = S m {X ,C Q )t m . 

rn — l 

So the L- function L(Xq^ Co, t) and the family of character sums S m (Xo, Co) (m — 1,2,...) determine 
each other. By Grothendieck's trace formula ([TJ Rapport 3.2]), we have 

2dim(X) 

S m (X ,C )= ]T (-iyTr(F"\^(X,£)), 

i=0 



where H l c (X, C) are the £-adic cohomology groups with compact support and F is the geometric Frobe- 
nius correspondence. Deligne's theorem [21 Corollarie 3.3.4] gives us estimate for the Archimedean 
absolute values of the eigenvalues of F on H l c (X : C). If we have some information about the Betti 
numbers dim H l c (X, C), then we can get estimate for S m (Xo, Co). 

Let V q d be an extension of ¥ q of degree d, let X\ = Xq IF g d be the base change of Xq, and let 
L\ be a lisse Q f -sheaf on X\. For any F 9 -point x : SpecF 9 — > Xo of Xq, let x\ : SpccF g d — > X\ be its 
base change. It is a F^d-point of X\. In this paper, we are concerned with the following incomplete 
character sum 

S[(X 1 Xi) = Tr^.A,^), 

x<EX (W q ) 

where the summation is over those F ? d-points of X\ arising from F g -points of Xq by base change. We 
do not know how to estimate such incomplete sum in general. In the case where the sheaf C\ has 
rank 1, we construct the transfer tran(£i) of C\, which is a lisse Q^-sheaf of rank 1 on Xq, so that 
S[(Xi,£i) coincides with the complete character sum 

5 1 (X 0) tran(£ 1 ))= ^ Ti(F x , (tran(£i))x). 

xeX (¥ q ) 

Theoretically, this reduces the study of our incomplete sum to the study of the complete sum for the 
new sheaf tran£i. The problem is that it is hard to estimate the Betti numbers dim H l c (X : tran(£i)). 
In §4, we study the case where dim(X) = 1. In this case, the Grothcndieck-Ogg-Shararevich formula 
for Euler characteristic numbers of sheaves on curves gives us more information about the Betti 
numbers. We can thus get relatively complete results (Theorems 2.2-4). 

Note that in [31 §3], using the so-called partial L-functions, we study a class of incomplete character 
sums including sums studied in this paper. The result in [3] applies to the case where C\ is of higher 
rank, but C\ is required to be able to descend down to a sheaf on Xq. In this paper, C\ may not be 
able to descend down, but it must be of rank 1. 

1 Transfer 

Let G be a pro-finite group and let H be an open subgroup of G of index d. Choose representatives 
Hgi, . . . , Hgd for the family of right cosets H\G. For any g £ G, the set {Hgig, . . . , Hgag} is also a 
family of representatives of right cosets. So we have 

Hg l g = Hg T (i) 
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for a permutation i i-> t(i) of {1, ... , d}. Define the transfer to be 

d 

tran : G ab -+ H ah , gJ^G] -> J] [M] , 

»=i 

where G ab = G/[G, G] and H ab = H/[H,H] arc the largest abelian quotients of G and H (in the 
category of profinite groups), respectively. One can show that tran is independent of the choice of 
representatives of right cosets and is a well-defined homomorphism. The following proposition follows 
directly from the definition of transfer. 

Proposition 1.1. Let G be a pro-finite group and let H be an open subgroup of G of index d. 

(i) Then composite 

^fab tran JJ ab> > G ab 

coincides with the homomorphism g[G,G] — » g d [G, G], where the second arrow H ah — » G ab in the 
composite is induced by the inclusion H <—} G. 

(ii) Suppose that H is normal in G. Let {Hgi, . . . , Hgj} be a family of representatives for H\G. 
Then for any h G H, we have 

d 

tran^p^]) = ]J gi hg r 1 {HjT\ . 
»=i 

(in) Suppose that H is normal in G and G/H is a cyclic group. For any a G G such that oH is 
a generator of G/H, we have 

tran(cr[G,G]) = a d [H, H}. 

Let X be a scheme of finite type over ¥ q , and let Xi = X a ® Vq ¥ q d be its base change to an 
extension field ¥ q d of degree d over ¥ g . Suppose X is geometrically connected, that is, the base 
change X = X ®p q ¥ is connected. Fix a geometric point for X. Take its images in X and X\ 
as the base points of X and X\, respectively, and let 7Ti(X ) and tti(Xi) be the etale fundamental 
groups with respect to these base points. Then tt 1 {X 1 ) is a normal subgroup of 7Ti(X ). We have an 
isomorphism 

7ri(X )/7r 1 (X 1 )4Gal(F 9<J /F 9 ), 

and Gal(F ? d /¥ q ) is a cyclic group. Let x : Spec ¥ q m — > X be an ¥ q m -points in X - We can talk about 
the geometric Frobenius element F x in wi(Xo) corresponding to x. It is defined up to conjugation in 
7Ti (Xq), and hence its image in 7Ti(X ) ab is well-defined. Sometimes we denote this image also by F x 
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by abuse of notation. Consider the case where m — 1. Then the image of F x in the quotient group 
7Ti(Xo)/7Ti(Xi) is a generator. By Proposition 1.1 (iii), we have 



tran(F x [7ri(Xo),7ri(X )]) - F£ [tti (Xi ) , m (Xi )] . 
Let X\ : SpccF g d — > Xi be the base change of x. One can verify that F x and F X1 define the same 



conjugacy class in 7Ti(Xi). So we have tran(F x [7ri(Xo),7Ti(Xo)]) = F Xl [7Ti(Xi),7Ti(Xi)], which we 
write as 

tran(F x ) = F Xl 

by abuse of notation. 

Let C\ be a lisse Q £ -sheaf on X\ of rank 1. It defines a one dimensional representation 

7Tl(Xi) ab ^^. 

Taking its composite with the transfer tran : 7Ti(X ) ab — > 7Ti(Xi) ab , we get a one dimensional repre- 
sentation 

^ l(Xo) abt 4 n^ (Xi)ab £^ 

We define tran(£i) to be the lisse Q^-sheaf on Xq of rank 1 corresponding to the last representation. 
By the above discussion, if x : SpecF g — > Xq is an F g -point in X$ and x\ : SpecF g d — > X\ is its base 
change, then we have 

Tr(F x ,(tran(A)) x ) = TrLF Xl , A, Xl ). 
The following proposition follows from this equality, Proposition 1.1 (ii), and the definition of transfer. 

Proposition 1.2. Keep the notation above. 

(i) The incomplete character sum 

S[(X 1 ,C 1 )= Yl Tr(F Xl ,A, £l ) 

x£X (F q ) 

coincides with the complete character sum 

Si(X ,tran(ri))= ^ Tr(F x , (tran(A)) x ). 

xex„(¥ q ) 

(ii) Let pi : m(X-i) — > be the character corresponding to the Q^-sheaf L\ of rank 1, and let 
a e tti(Xq) be an element such that its image under the homomorphism tti(X ) — > Gsl(¥ q d/¥ q ) is the 
Frobenius substitution. For each < i < d — 1, let : 7r 1 (X 1 ) — > Q* e be the character defined by 

p^(g)=p 1 (a i ga- i ), 



and let n : X\ — > Xq be the projection. Then the character corresponding the sheaf 7r*(tran(£i)) on 

v ■ Tfd— 1 (i) 

x i is IL= Pi- 

(Hi) Let L\ and M.\ be two lisse Qi-sheaves of rank 1 on X\. Then we have 

tran(£i ® Mi) = tran(£i) ® tran(A^i). 

2 Transfer of Kummer type sheaves 

The Kummer covering 

[q - 1] : G TOi f 9 <& m ,¥ t , x n- x q ~ x 
on & m ,F q — SpecF 9 [i, t^ 1 } defines a F*-torsor 

1 -j. F* ^ G m ,F, ^ G m , F9 -► 1. 

Let x '■ ~ * Qi be a multiplicative character. Pushing-forward the above torsor by \~ i we S e ^ 
a lisse (Q^-sheaf K x on G m . Fg of rank 1. We call 1C X the Kummer sheaf associated to x- F° r anv 
a; G G m ,f s (F r ) = ¥* m , we have 

Tr(F x ,/C x , s ) = x(N Fgm/F(! (x)), 

where N F?m / Fij denotes the norm for the field extension F q m/F q . 

Let / € r(X ,C'J s:o ) be a section of the subsheaf of units in the structure sheaf Ox - Then the 
F g -algebra homomorphism 

Fjt,*- 1 ] ^r(x ,o Xo ), *.->/ 

defines an F 9 -morphism Xo — > G m .F, which we still denote by /. Denote f*IC x by IC x j. It is a lisse 
(Q^-sheaf of rank one on Xq. For any x £ Xo(¥ q ™), we have 

For any /i,/ 2 G T(X , 0* Xq ), we have 

Confer [U Sommes trig. 1.4-8]. 

Suppose that Xo is a normal scheme. Then K, x j can be described as follows. Let K be the 
function field of Xq. Fix a separable closure of K of K(Xq). Let the base point of Xq be the canonical 
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morphism Specif — > X . Then we have a canonical isomorphism 

n 1 (X )^^mGal(L/K), 

L 

where L goes over those finite Galois extensions of K contained in K such that the normalization of 
Xq in L is etale over Xq. (Actually it suffices to require that the normalization is unramificd over 
Xq.) Let £ € if be a root of the polynomial T 9 ^ 1 — /. Then any root of T q ~ x — / is of the form a£ 
for some a e F*, if [£] is a Galois extension, and the normalization of X in if [£] is etale over X . It 
follows that we have a canonical epimorphism 

7r 1 (X )^Gal(ifK]/if). 

On the other hand, we have a canonical monomorphism 

Gal(if [i\/K) ^ F*, 

The representation corresponding to /C x j is the composite 

7n(Xo) -+ Gal(if [£]/if) ^ F* x ^ Q,*. 

Let ¥ q d be an extension of ¥ q of degree rf, let \ '■ ^* q d — > Qj? be a multiplicative character, let 
/ G F ? d[ti, . . . ,i n ], and let X be an open subschcmc of Ajj^ so that its inverse image in Ap d is 
contained in the complement of the hypersurface / = 0. Let X x be the base change of X from ¥ q 
to F 9 d, and let n : X\ — >• X be the projection. Consider the sheaf /C Xl / on X\. Let us describe the 
character 7Ti(Xi) — » corresponding to the sheaf 7r*(tran(/C Xj /)) on X\. The function field of X 
(resp. Xi) is the rational function field if = ¥ q (ti, . . . ,t n ) (resp. ifi = W q d(ti, . . . ,t n )). Let £ be 
a root of the polynomial T q _1 — / in a separable closure ifi of ifi = ¥ q d(ti, . . . ,t n ). Then K, x j 
corresponds to the character 

tti(Xi) Gal(ifi[£]/ifi) F; d Qj. 
Denote this character by pi : 7Ti (Xi ) — > Q e . More explicitly, we have 

„( 9 ) = *-(f) 

for any g G 7Ti(Xi). Note that 7r : Xi — » X is a Galois etale covering space, and we have canonical 
isomorphisms 

Aut(AVX )° = Gal^(ti, . . . ,t n )/¥ q {h, . . . ,tSj = Ga\(¥ q d/¥ q ). 



Choose an element a G 7ri(Xo) so that its image in Gal\F q d(ti, . . . ,t n )/¥ q (ti, ...,t n )j is given by 

a (a) = a q for any a G ¥ q d, a(U) = U (i = 1, . . . , n). 

Then the image of a in ■ki{X q )/-k\{X{) is a generator. For any < i < d — 1, let p^ : tt 1 (X 1 ) — > <Q 
be the character defined by 

p?(g)=p 1 (a i ga- i ) 

for any g G 7Ti(Xl). We have 

pf{g) = p^jga-') 

-i f^ga-'iO 

= X 



X- 1 o* 



Note that a '(£) and go- '(£) are roots of the polynomial T 9 '-u '(/), and hence 9 j-»//? lies in 



F* d . We thus have 



So we have 



»-'({) 7 V ""'(£) 

for any 5 G 7Ti(Xi). This shows that : 7Ti(Xi) — > (Q)^ corresponds to the sheaf K- xq i CT -u/)-We also 
have 



and hence 

Pi (5) = X ' 



("-'(fl)* 

for any 3 G tti(Xi). Note that (cr"^)) 9 * is a root of the polynomial T^- 1 - /(if , . . . ,t£). This 



shows that pf* : tti(Xi) — > Q £ also corresponds to the sheaf JC . q % q % v By Proposition 1.2 (ii), 



7T*(tran(/C x j)) corresponds to the character FJiLo 1 Pi'' - ^° we S e t the following. 

Proposition 2.1. Let \ ■ ^"*d —> Q*e be a multiplicative character, let f G F g d[ii, . . . ,t n ], and let X 
be an open subscheme of AJ so that its inverse image in AJJ is contained in the complement of the 
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hypersurface f = 0. Let X\ be the base change of Xq from F q to F q d, and let ir : X\ — > Xq be the 
projection. Then on X\, we have isomorphisms 

d-i 

7r*(tran(/C X)/ )) = (g)^ = K. ^ f (t( ,...,t£y 

where a~ l (f) is the polynomial obtained from f by taking the q % -th root for each coefficient of f . 

3 Transfer of Artin-Schreier type sheaves 

The Artin-Schreier covering 

p:Al q ^Al q , x^x q ~x 

defines an F g -torsor 

-)• F q -> A^ 4 A ¥q -> 0. 

Let ip : F q — > Q e be a nontrivial additive character. Pushing-forward this torsor by ip -1 , we get a lisse 
Q f -sheaf >C^, of rank 1 on A^ q , which we call the Artin-Schreier sheaf. For any x £ A ¥q (F q m ) = F ?m , 
we have 

Tn{F x ,L^) = tp(Tr ¥qm/¥q (x)), 

where TlF& m /¥ q denotes the trace for the field extension F q m /F q . 

Let / £ r(X ,Ox ) be a section of the structure sheaf Ox - Then the F 9 -algebra homomorphism 

F q [t]^T(X Q ,O X0 ), t^f 

defines an F 9 -morphism Xo — > A ¥q which we still denote by /. Denote f*C^, by C^j. It is a lisse 
Q^-sheaf of rank one on Xq. For any x £ Xo(F q ™), we have 

Tr(F x ,(£ xJ ) £ )=i;(Tr Wqm/Vq (f(x))). 

For any /i,/ 2 £ T(X ,0* Xo ), we have 

Confer [3 Sommes trig. 1.4-8]. 

Suppose that Xq is a normal scheme. Then £<pj can be described as follows. Let K be the 
function field of Xo. Fix a separable closure of K of K(Xq), and let the base point of Xo be the 
canonical morphism Spec K —> Xo. Let £ £ K be a root of the polynomial T q — T — f '. Then any root 
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fT g -T-f is of the form ( + a for some a e ¥ q , K[Q is a Galois extension and the normalization 
of X a in K[(] is etale over X . It follows that we have a canonical epimorphism 

m(X )^Gal(K[C]/K). 

On the other hand, we have a canonical monomorphism 

Ged(K[(]/K) ^ F„ ff^ 5 (C)-C 

The representation corresponding to C^j is the composite 

7Ti(X ) ->• Gal(AK]/A-) ^ ^ Q £ \ 

Again let F^d be an extension of ¥ q of degree d, let ^ : F ? d — > be an additive character, let 
/ G F ? d (ii, . . . , t n ) be a rational function, and let X be an open subscheme of AJJ so that its inverse 
image is contained in the complement of zero set of the denominator of /. Let X\ be the base change 
of X from F q to F 9 d, and let n : X\ — > X be the projection. Consider the sheaf £,/,,/ on Ai. Let us 
describe the character 7ri(Xi) — > Q e corresponding to the sheaf 7r*(tran(£^ j)) on X\. The function 
field of Xq (resp. X\) is the rational function field Kq = ¥ q (ti, . . . , t n ) (resp. K\ — ¥ q d{t\, . . . ,t n )). 
Let £ be a root of the polynomial T g — T — f in a separable closure K\ of K\ = ¥ q d (t\ , . . . , t n ) . Then 
C^j corresponds to the character 

7ri(Xi) -> Gal(^i[C]/^i) F 9 d C <£. 

Denote this character by pi : 7Ti (X x ) — >• . More explicitly, we have 

pM = V> _1 (ff(C)-C) 

for any g e 7ri(Ai). We have canonical isomorphisms 

Aut(AVX )° = Gal^Fgd^i, . . . ,t„)/F,(ti, . . . = Ga\{¥ qd /¥ q ). 

Again choose <r G 7Ti(A ) so that its image in Gal^F g <i(ti, . . . ,t n )/¥ q (t\, . . . ,t n )^j is given by 

tr(a) = a 9 for any a e ¥ qd , <r(ti) = ti (i = 1, . . . , n). 
For any < i < d — 1, let : 7ri(Xi) — > be the character defined by 

pf(9)=Pi(^') 
10 



for any g <G n\(Xi). We have 

pf(g) = Pl (a*ga-*) 

= v->v-*(o-c) 

Note thata _4 (C) and ga~ l (() are roots of the polynomial T qd — T-cr~ l (f), and hence go-~ l (Q — c~*(C) 
lies in F g(J . We thus have 

So we have 

for any g e m(Xi). This shows that p^ : ni(Xi) -» corresponds to the sheaf C^oa*, <?-*(/)■ By 
Proposition 1.2 (ii), 7r*(tran(£^, j)) corresponds to the character Ylflo p^. So we get the following. 

Proposition 3.1. Let tp : ¥ q d — > &e an additive character, let f e F 5 <j(ti, . . . ,t n ) &e a rational 
function, and let Xq be an open subscheme of Ajj^ so i/iai its inverse image in AJJ d is contained in 
the complement of zero set of the denominator of f. Let X\ be the base change of X from ¥ q to ¥ q d , 
and let tt : X\ — > X be the projection. Then on X\ , we have an isomorphism 

d-l 

7r*(tran(£^/)) - ® A/k^o--* (/), 

i=0 

where o-~ l {f) is the rational function obtained from f by taking the q l -th root for each coefficient of 
the numerator and the denominator of f , and if> o a 1 is the additive character a i->- ip(a q ) for any 
a e ¥ q d. 

For any rational function / <E ¥ q d(ti, . . . ,t n ), define 

= ][>'(/)• 

i=0 



Write / = El ' - ail - i " t l'" t f . Then we have 

E il ,..., in bil...«n*l 1 -< n 



d- 1 V n q% f 1 ■■■ t l ™ 
Tr F d/r (f) = Y 2 " il -- i " '; ' ?- 

i=0 Z^ii,...,i„ {J i 1 ...i n L l •••'■n 
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4 Character Sums on Curves 



In this section, Xo is a smooth geometrically connected curve over ¥ q of genus g, Xq is the smooth 
compactification of Xo, X and X are the base changes of Xo and Xo from F g to F, respectively. Let 
us recall the general method of studying character sums on Xq using £-adic cohomology theory. Let 
Co be a lisse Q^-sheaf on Xo of rank 1. Suppose Co is geometrically nontrivial, that is, the inverse 
image C on X is not isomorphic to the constant sheaf Q e . Then we have 

H°(X,C)=0, H 2 C {X,C)=Q. 

By the Grothendieck-Ogg-Shafarevich formula (0 X 7.1]), we have 

2 

dim Hl(X,C) = - ^(-l^dimiJ'pr, C) 

i=0 

= (2g-2 + #(X-X))+ sw -( £ )' 

xex-x 

where sw x denotes the Swan conductor at x for any Zariski closed point i in I. Suppose C is 
punctually pure of weight 0. (Confer [2j Definition 1.2.2]). Then by [2j Corollarie 3.3.4], all the 
eigenvalues of F on H^(X,C) have Archimedean absolute value < . By the Grothendieck trace 
formula [TJ Rapport 3.2], we have 

S m {Xo,Co) = Tr(F x ,Co,x) 

xeX (¥ qm ) 
2 

= ^(-l) J Tr(F m ,^(X,£)) 

i=Q 

= -Tr(F m ,Ht(X,C)). 

So we have 

\S m (X ,C )\< l(2g-2 + #(X-X))+ sw -( £ ) 



x£X-X 



We thus get the following. 



Proposition 4.1. Let Xo be a smooth geometrically connected curve over¥ q of genus g, Xq its smooth 
compactification, and Co a lisse Qg-sheaf on Xq of rank 1. Suppose Co is geometrically nontrivial, 
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1 



and is punctually pure of weight 0. Then we have 

\S m (X 0l Co)\ = ]T Tr(F x ,£ ,*) 

< ( (2g- 2 + #{X-X))+ sw -( £ ) 

\ xGX-X 

Theorem 4.2. Let Xq be a smooth geometrically connected curve over ¥ q of genus g, Xq its smooth 
compactification, ¥ q d an extension of¥ q of degree d, X\ = Xq (gi^ ¥ q d , and C\ a lisse Q f -sheaf on X\ 
of rank 1. Suppose tran(jCi) is geometrically nontrivial, and suppose C\ is punctually pure of weight 
0. Let 

x£X (F q ) 

where x% : SpecF^d — > X\ is the base change of x : SpecF g — ¥ Xq for any x € -X"o(F g ). Then we have 

\S' 1 (X u Ci)\<l(2g-2 + #(X-X))+d £ aw x (C) j yfq. 
Proof. By Proposition 1.2 (i) and Grothendieck's trace formula ([TJ Rapport 3.2]), we have 

S[(X u Ci) = J2 "&(-Fx, (tran(A))g) 

xGX (¥ q ) 
2 

= ^(-lyTr^i^tranOCr))). 

i=0 

Since tran(£i) is geometrically nontrivial, we have H l c (X, tran(£i)) = for i ^ 1. So we have 

Si(X lt J[li) = -Tc(F,Hl(X,ttta.(/:i))). 

By [31 Corollarie 3.3.4], all eigenvalues of F on if* (X, tran(£i)) have Archimedean absolute value 
< y/q. So we have 

^(Jfx.A)! < (dimifi(X,tran(A)))V?- 
On the other hand, by the Grothendieck-Ogg-Shafarevich formula ([5J X 7.1]), we have 

2 

dimif^X^ran^i)) = -^(-l)Mim#*(X,tran(£i)) 

i=0 

= (2g-2 + #(X-X))+ sw x (tran(A)). 
To prove our theorem, it suffices to show that 



sw x (tran(£i)) < <i sw :E (£i) 

x£X-X x£X-X 
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Choose a € ni(X ) so that its image under the canonical epimorphism ni(X ) — > Gal(¥ q d/¥ q ) is 
the Frobenius substitution. Let pi : tt 1 (X 1 ) — > Q* e be the character corresponding to L\ and let 
Pi : -K\(Xi) — > Q* e (0 < i < d — 1) be the characters defined by 

p?(g)=p 1 (a i ga- i ) 

for any g e 7Ti(X ). Then by Proposition 1.2, 7r*(tran(£i)) corresponds to the character Pi^i 
where 7r : Xi — )■ X is the projection. Note that a induce an automorphism of X over X , and an 
automorphism of X over X . For any x & X — X and any < i < of — 1, we have 

sw x (p[ l) ) = sw CT « (x) (pi). 



So we have 



sw K (tran(£i)) = sw x ^ J| 



< maxjsw, {pf ) |0 < i < d - 1} 
= max{sw CT i( x )(pi)|0 < i < - 1} 
= max{sw CT t( x )(£i)|0 < i < d — 1} 



d-i 

< ^sw ff ( (a; )(£i). 

i=0 



Hence 



^ sw x (tran(£i)) < ^ ^ sw ffi(l) (£i) 
= d ^2 sw x (£i). 



□ 



Remark 4.3. In the above proof, suppose there exists closed points ooi, . . . , oo TO E X — X such that 
o-(ooj ) = ooj (i = 1, . . . , m). Then we have 

/d-l \ 



sw OC3 (tran(£ 1 )) = sw^ I JJ p£ 



(0 

i=0 



< maxjswooj (p^)|0 < i < d — 1} 
= max{sw CT , (oOj) (pi)|0 < i < d - 1} 

= SWoo 3 (£i). 
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The estimate in Theorem 4.2 can be improved as 

< I (2g-2 + #(X-X))+d Yl sw x (£) +jr S w 00j (£ 1 ) j V?. 

\ iGX-X. s/coi....,oo m J — 1 / 

For any polynomial /(i) in F q d[t], define the highest square free divisor of f(t) to be the product 
of all distinct irreducible factors of f(t). Let a be the automorphism oi¥ q d(t) defined by a{t) = t and 
a(a) = a q for any a € ¥ q d . 

Theorem 4.4. Let fi{t), . . . , fk(t) be pairwise relatively prime polynomials in ¥ q d[t] whose highest 
square free divisors have degrees d\,...,dk, respectively, and let Xi, • • ■ , Xfc : F*<j — > C* &e multiplicative 
characters for ¥ q d. Extend \j U = 1, ■•■,&) ¥ q d by setting Xj(0) = 0. Suppose that for some 
1 < jo < k, the polynomial Y\^ = q fj {t\ , . . . , t£ ) is not of the form h(t) OTd ^ Xi o ) in ¥[t] , where ord(xj ) 
is the smallest integer d such that \ d j Q = 1 • Then we have 

£xi(/i(a))---Xfc(/fc(a)) ^Idf^dj-Avq. 



aGF„ 



Proof. Let Xq be the complement in Aj. of the closed subscheme defined by the vanishing of the 
polynomial Oi=o J= i cr_ Let L\ be the (Q^-sheaf 



k 

A = (g)/c Xj , /3 



on Xi = X iS>w q ¥ q d . Then we have 



aG¥ q xeX (¥ q ) 

Note that L\ is tamely ramified everywhere on X\ = Pi , and hence 

sw x (A) = o 



for all x (z X — X = Pj^ — Xq <S>w q ¥. Note that the set X — X consists of oo and the roots of 
rij=i a ~ l (fj)- There are at most such roots. The genus of X is 0. Our estimate 

follows directly from the estimate in Theorem 4.2, provided that we can prove tran(£i) is geomet- 
rically nontrivial. Indeed, by Proposition 2.1, we have n* (tran(/C Xj )) = JC d _i q i 5 « . 
Since ntn fj (4 > • ■ is not of the form fr(i) ord teo) in F[i], the sheaf /C , , is 

geometrically nontrivial, and hence tran(/C Xjoi / J . Q ) is geometrically nontrivial. Since / J0 is relatively 
prime to fj for any j ^ jo, this implies that tran(£i) is geometrically nontrivial. □ 
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For any rational function / = ^ € ¥ q d(t), we define 



Theorem 4.5. Le£ fj(t) (1 < j < k) be polynomials in F g d[i], tet fk+\{t) be a rational function in 
¥ q d(t), let Di be the degree of the highest square free divisor of 'Yli=i fi(t) ? ^ D 2 = i/dcg(/fc + i) < 
and D 2 = &eg(fk+\) if dcg(/fc + i) > 0, let D 3 be the degree of the denominator of fk+i(t), and let 
D 4 be the degree of the highest square free divisor of the denominator of fk+i(t) which is relatively 
prime to Y\j=i fj(t)- Let Xj (1 < j < k) be multiplicative characters of¥ q d, and let %j} p be a nontrivial 
additive character of¥ p . Extend \i t° F g d by setting Xi(0) = 0. Suppose Tr F d /w q (fn+i(t)) is not of 
the form r(t) p — r(t) + c in F(t). Then we have the estimate 



q J i-i 



< (d(D 1 +D 3 + D A ) + D 2 - \)y/q. 



Xi(/i(«)) ' ' ' Xn(fn(a))ip p (Tr rqd/¥p (f n+1 (a))^ 

ae¥ q , /„ + i(a)^oo 

Proof. Let uu+i be the denominator of /fe+i, and let Xq be the complement in Aj. of the closed 
subscheme defined by the vanishing of the polynomial YliZo (°" _l ( u fc+i) Ilj=i Let C\ be 

the Q^-sheaf 

on Xi = X ® Fg F^d , where -0 = ° Tr F d / Fp . Then we have 

^Xi(h(a))---Xk(fk(aM P (Tr ¥qd/¥p (f n+1 (a)))= £ Tr(i^ , £ Ml ). 

Note that 0^ =1 ^xjJj ' 1& tamely ramified everywhere onlj = j; and has no effect on the Swan 
conductor of L\. So for any xeX — X = P e — Xq F, we have 

sw x (£i) = sw x (Cp Jk+1 ). 

Let v x be the valuation of the field F(t) corresponding to the point x € X — X. If a; is not a pole of 
fk+i, then sw :c (£^ j / fc+1 ) = 0. Otherwise, we have 

svf x (£j, ifk+1 ) < -v x (f k +i). 

It follows that 

swoo(£) < D 2 , ^ sw x (£) < D 3 . 

x£X — X. x^oo 
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The set X — X consists of oo, roots of a l (fj) (0 < i < d— 1, 1 < j < k), and roots of the denominators 
of o-- J (/ fe+1 ) (0 < i < d - 1). It follows that 



The genus of Xq is 0. Our estimate follows directly from the estimate in Theorem 4.2 and Remark 4.3, 
provided that we can prove tran(£i) is geometrically nontrivial. Let 7r : X\ — > X be the projection. 
It suffices to prove 7r*(tran(£i)) is geometrically nontrivial. By Propositions 1.2 (iii), 2.1 and 3.1, wc 
have 



Since Tr F d /F q (/fe+i) is not of the form r(t) p —r(t)+c in F(i), the sheaf £,/, iTrF /F (/ fc+1 ) is geometrically 
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